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Abstract
Let F, G, and H be ﬁnite, simple and undirected graphs. The connected size Ramsey number rˆc(G,H) of graph G and H is the
least integer k such that there is a connected graph F with k edges and if the edge set of F is arbitrarily colored by red or blue,
then there always exists either a red copy of G or a blue copy of H. In this paper, we determine the connected size Ramsey number
rˆc(2K2,Cn), for n ≥ 4, an upper bound of rˆc(nK2, P4), for n ≥ 2, and the exact value of rˆc(nK2, P4), for 2 ≤ n ≤ 5.
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1. Introduction
Let G be any graph with the vertex set V(G) and the edge set E(G). The size of G, written as |E(G)| denotes the
number of edges of G. Let v ∈ V(G), the degree of a vertex v, denoted by d(v), is the number of edges incident to the
vertex v. The neighborhood NG(v) of vertex v is the set of vertices adjacent to v in G.A 2-coloring of a graph G always
means a coloring of the edges of G by red and blue. A red-blue coloring in F such that neither a red G nor a blue H
occurs is called a (G,H)-coloring. A graph G is said to be decomposable into subgraph H1,H2, . . . ,Ht, E(Hi)  ∅ for
every i, if any two subgraphs Hi and Hj have no edges in common, and the union of all the subgraphs Hi is G.
For any pair of graphs G and H, the notation F −→ (G,H) means that if the edge-set of F is arbitrarily colored
by red or blue, then there always exists either a red copy of G or a blue copy of H. The size Ramsey number of a pair
graph G and H, denoted by rˆ(G,H), is min{|E(F)| : F −→ (G,H)} and the connected size Ramsey number of a pair
graph G and H, denoted by rˆc(G,H), is deﬁned as min{|E(F)| : F −→ (G,H), F is connected}.
Erdo¨s et al. [4] in 1978 introduced the size Ramsey number of graph. They studied for a pair of complete graphs,
stars, and the products of two graphs. Further results have been obtained, for instances the size Ramsey number for
multiple copies of star, [2] for small-order graphs, [5] for a pair of graph involving star, [6] and for path and star. [7]
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Erdo¨s et al. [4] in 1978 introduced the size Ramsey number of graph. They studied for a pair of complete graphs,
stars, and the products of two graphs. Further results have been obtained, for instances the size Ramsey number for
multiple copies of star, [2] for small-order graphs, [5] for a pair of graph involving star, [6] and for path and star. [7]
Let nK2 denote the graph consisting of n independent edges and let Pn be a path on n vertices.
P. Erdo¨s and R.J Faudree[3] showed that for n ≥ 1,
rˆ(nK2, P4) =
⌈
5n
2
⌉
,
and
rˆ(nK2, P5) =
{
3n, if n is even,
3n + 1, if n is odd.
They also showed that for ﬁxed t ≥ 2 there are positive constants a and b such that for all n ≥ 3,
n + a
√
n < rˆ(tK2,Cn) < n + b
√
n.
The graph achieving the size Ramsey number rˆ(2K2,Cn) is 2Cn and the graph achieving the size Ramsey number
rˆ(nK2, P4) is
[
n
2
]
C5, for even n and
[
n−1
2
]
C5 ∪ P4, for odd n. These all graphs are disconnected.
Motivated by above resuls, in this paper, we will study all the connected graph F satisfying F −→ (2K2,Cn) or
F −→ (nK2, P4). In particular, we will show the exact value of the connected size Ramsey number rˆc(2K2,Cn) and
rˆc(nK2, P4) .
2. Main Results
The main results are presented in the following theorems.
Theorem 1. For n ≥ 4, rˆc(2K2,Cn) = 2n.
Proof. First, we prove that rˆc(2K2,Cn) ≤ 2n by showing F → (2K2,Cn) for a certain connected graph F. Consider the
graph F(V, E) in Figure 1, and let V(F) = {vi : 1 ≤ i ≤ 2n − 2} and E(F) = {vivi+1 : 1 ≤ i ≤ 2n − 3}⋃ {v1vn, vn−1v2n−2} .
The number of edges of F is 2n. Let μ be any 2-coloring of F by red and blue such that there is no red 2K2. Then,
Fig. 1. Graph F
either all edges in F are blue or the red edges in F form a K1,3, or a P2 or a P3.
Observe that, for every vertex v ∈ V(F) , F − {v} always contains Cn. As a consequence, we always obtain a blue Cn
in F. So, F → (2K2,Cn).
Next, we will prove that rˆc(2K2,Cn) ≥ 2n by showing that if F → (2K2,Cn) then |E(F)| ≥ 2n.
Suppose F is a connected graph with |E(F)| ≤ 2n − 1. Graph F must contains a cycle Cn. Since otherwise color all
edges of F by blue then we have neither a red 2K2 nor a blue Cn in F. Now, consider the following two cases.
Case 1. There is exactly one cycle Cn in F.
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Choose any vertex in Cn , say v, and color all edges incident to v by red and all the remaining edges by blue. Then,
we have a (2K2,Cn)-coloring of F.
Case 2.There are more than one cycle Cn in F.
Since |E(F)| ≤ 2n − 1, then there exists at least two vertices in F which are a common vertices of all cycle Cn in F.
Suppose there is only one common vertex in F, then the number of edges in F is 2n. (Contradiction) Choose one
common vertex of all cycles Cn in F, say u. Color all edges incident to u by red and the other edges by blue. By this
coloring, F contains neither a red 2K2 nor a blue Cn. As a consequence of these two cases, we have F  (2K2,Cn).
Thus, the proof is complete.
Theorem 2. For n ≥ 2, rˆc(nK2, P4) ≤
{
3n − 1, if n is even
3n, if n is odd
Proof. We start with show that rˆc(nK2, P4) ≤ 3n − 1 if n is even.
Consider the graph F depicted in Figure 2. We will show that F −→ (nK2, P4). The graph F is formed from a path
Fig. 2. The graph F.
with n2 vertices and
n
2 cycles C5, by identifying each vertex of the path with a ﬁxed vertex of a cycle C5. The number
of edges of F is |E(F)| = 5 n2 + n2 − 1 = 6
[
n
2
]
− 1 = 3n − 1.
Now consider any red-blue coloring of the edges of F containing no blue P4. In such this coloring implies that the
connected subgraph induced by blue edges is isomorphic to one of
{
P2, P3,K1,3,K1,n
}
. These subgraphs should be
independent of each other, otherwise the subgraphs will form a blue P4 in F. Therefore, in each C5 there will be at
least two disjoint red edges. Thus, in total we have 2( n2 ) = n red edges. So, F −→ (nK2, P4).
Now, we will show rˆc(nK2, P4) ≤ 3n if n is odd. Consider the graph F depicted in Figure 3. We will show
that G −→ (nK2, P4). The graph G is formed from a path with 	 n2 
 + 4 vertices and 	 n2 
 cycles C5, by identi-
Fig. 3. The graph G
fying a ﬁxed vertex of a cycle C5 with a vertex vi, 1 ≤ i ≤ 	 n2 
, of the path. The number of edges of G is
|E(G)| = 5	 n2 
 + 	 n2 
 + 3 = 6
[
n−1
2
]
+ 3 = 3n.
Similar to the case of even n, if any red-blue coloring of the edges of G containing no blue P4. Then, this coloring im-
plies that the connected subgraph induced by blue edges is isomorphic to one of
{
P2, P3,K1,3,K1,n
}
. These subgraphs
should be independent of each other, otherwise the subgraphs will form a blue P4 in F. Therefore, in each C5 there
will be at least two disjoint red edges and in the subpath induced by {vi|i = 	 n2 
 + 1, · · · , 	 n2 
 + 4}, there must be a red
edge. Thus, in total we have 2
⌊
n
2
⌋
+ 1 = n red edges. So, G −→ (nK2, P4).
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Theorem 3. rˆc(2K2, P4) = 5
Proof. By Theorem 2, we obtain that rˆc(2K2, P4) ≤ 5. Now, we will show that if F −→ (2K2, P4), then |E(F)| ≥ 5.
Let F be a connected graph with |E(F)| ≤ 4. Consider the graph with |E(F)| = 4. Then, F is one of the graph in Figure
4. It is easy to ﬁnd a 2-coloring of F so that F  (2K2, P4). Thus, the proof is complete.
Fig. 4. Graph with |E(F)| = 4.
Theorem 4. rˆc(3K2, P4) = 9.
Proof. By Theorem 2, we obtain that rˆc(3K2, P4) ≤ 9. Now, we will show that if F −→ (3K2, P4), then |E(F)| ≥ 9.
Let F be a connected graph with |E(F)| ≤ 8. Consider the following three cases.
Case 1. Δ(F) ≥ 4.
Let v be a vertex in F with d(v) ≥ 4. Observe that |E(F\ {v})| ≤ 8 − 4 = 4. Color all edges incident to v by red.
Consider the subgraph F∗ induced by the remaining edge. If F∗ is a connected subgraph of four edges, then use the
2-coloring as in the proof of Theorem 3. Otherwise it is easy to ﬁnd a 2-coloring of F∗ satisfying F∗ −→ (2K2, P4).
So, we obtain (3K2, P4)-coloring.
Case 2. Δ(F) = 3.
Let v be a vertex in F with d(v) = 3. Observe that |E(F\ {v})| ≤ 8 − 3 = 5. Now, consider the subgraph F∗ induced
by these ﬁve edges. If F∗ is connected and contains a vertex v′ of degree 3, then color all edges incident to v and all
edges incident to v′ by red and the remaining edges by blue. We obtain (3K2, P4)-coloring. So, F  (3K2, P4).
Suppose F∗ is connected and does not contain a vertex with degree 3. Then F∗ is a path P6 or a cycle C5. If F∗ is a
path P6 then it is easy to ﬁnd a 2-coloring of F∗ so that F∗  (2K2, P4). Therefore, by giving red color to all edge
incident to v, we have F  (3K2, P4). Let F∗ be a cycle C5.We can color all edges of C5 and all edges incident to v
with red and blue so that there exists (3K2, P4)− coloring. As shown in Figure 5. Hence, we have F  (3K2, P4).
Fig. 5. Two coloring red and blue in F so that F  (3K2, P4).
Now assume F∗ is not connected. Suppose F∗ contains a component with 5 edges then as in the previous cases we
can obtain a (3K2, P4)-coloring. If each component of F∗ contains at most 2 edges, color all edges of F∗ by blue.
By coloring all edges incident to v by red, we obtain a (3K2, P4)-coloring. The remaining case is when F∗ contains
exactly one component with 3 or 4 edges. By Theorem 3, there exists a (2K2, P4)-coloring for this component. By
coloring all edges incident with v by red, once again we obtain a (3K2, P4)-coloring in F.
Case 3. Assume Δ(F) = 2.
In this case, graph F is a path or a cycle. It is easy to ﬁnd a 2-coloring of F so that F  (3K2, P4). So, we obtain
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(3K2, P4)-coloring.
In all cases, we obtain (3K2, P4)-coloring. So, F  (3K2, P4). Thus, the proof is complete.
Theorem 5. rˆc(4K2, P4) = 11.
Proof. By Theorem 2, we obtain that rˆc(4K2, P4) ≤ 11. Now, we will show that if F −→ (4K2, P4), then |E(F)| ≥ 11.
Let F be a connected graph with |E(F)| ≤ 10. Consider the following two cases.
Case 1. Δ(F) ≥ 3.
Let v be a vertex in F with d(v) ≥ 3 and F∗ = F − v. Observe that |E(F\ {v})| ≤ 10 − 3 = 7. If F∗ is connected, then
by Theorem 4, we obtain F∗  (3K2, P4). By coloring all edges incident to v with red, we obtain F  (4K2, P4).
Now, assume that F∗ is not connected. If F∗ contains exactly two components with 3 and 4 edges. Then by Theorem
3, there exists a (2K2, P4)-coloring for each component. Therefore, by giving red color to all edge incident to v, we
obtain F  (4K2, P4). The remaining case is when F∗ contains exactly one component with 5 or 6 edges. By Theorem
4, there exists a (3K2, P4)-coloring for this component. By coloring all edges incident with v by red, once again we
obtain a (4K2, P4)-coloring in F.
Case 2. Assume Δ(F) = 2.
In this case, graph F is a path or a cycle. It is easy to ﬁnd a 2-coloring of F so that F  (4K2, P4). So, we
obtain (4K2, P4)-coloring. In all cases, we obtain (4K2, P4)-coloring in F. So, F  (4K2, P4). Thus, the proof is
complete.
Theorem 6. rˆc(5K2, P4) = 15
Proof. By Theorem 2, we obtain that rˆc(5K2, P4) ≤ 15. Now, we will show that if F −→ (5K2, P4), then |E(F)| ≥ 15.
Let F be a connected graph with |E(F)| ≤ 14. If Δ(F) = 2, then graph F is a path or a cycle. It is easy to ﬁnd a
2-coloring red or blue of F so that there exists a (5K2, P4)− coloring. So, F  (5K2, P4).
Therefore we assume Δ(F) ≥ 3. Let v be a vertex in F with d(v) ≥ 3 and F∗ = F − v. Observe that |E(F\ {v})| ≤
14 − 3 = 11.We shall consider two following cases.
Case 1. F∗ is connected.
If Δ(F∗) = 2 then it is easy to ﬁnd 2-coloring red or blue of F∗ so that there exists a (4K2, P4)−coloring for F∗.
Moreover, by coloring all edges incident to v with red, the blue subgraph remains the same as in F∗. As a conse-
quence, F  (5K2, P4). Now, assume that Δ(F∗) ≥ 3. Let v∗ ∈ V(F∗) with d(v∗) ≥ 3 and F∗∗ = F∗ − v∗. Observe
that |E(F∗\ {v∗})| ≤ 11 − 3 = 8. If F∗∗ is connected, then by Theorem 4, there exists a (3K2, P4)− coloring for F∗∗.
Furthermore, by coloring all edges incident to v and v∗ by red, the blue subgraph remains the same as in F∗∗ and F∗.
As a consequence, F  (5K2, P4). If F∗∗ is not connected, then the possible combination of the number of edges in
each component is (7, 1), (6, 2), (5, 3), (4, 4), (2, 2, 4), (2, 3, 3), (1, 1, 6), or (1, 2, 5). Except for the case (5, 3), in all
combinations, there exists a (3K2, P4)-coloring of F∗∗. Furthermore, by coloring all edges incident to v and v∗ with
red, we show that F  (5K2, P4). For the case (5, 3), denote N(v∗) = {x, y, z} . Now, color all edges incident to vertices
x, y and z by red. The remaining edges are colored by blue, except one edge in the component with 5 edges by red so
that there is no blue P4. By this coloring, there exists a (4K2, P4)-coloring for F∗. Then, by coloring all edges incident
to v with red, we obtain F  (5K2, P4).
Case 2. Suppose F∗ is not connected. We shall consider three following cases.
Subcase 2.1. If F∗ contains exactly 3 components with each component contains at least 3 edges. Then the combina-
tion of the number of edges in each component is (3, 3, 5) or (3, 4, 4). For the case (3, 4, 4), by Theorem 3, there exists a
(2K2, P4)−coloring for each component. Then by coloring all edges incident to v with red, the blue subgraph remains
the same as in F∗. As a consequence, F  (5K2, P4). Furthermore, for the case (3, 3, 5), denote N(v) = {a, b, c} . Now,
color all edges incident to vertices a, b, and c by red. The remaining edges are colored by blue, except one edge in the
component with 5 edges by red so that there is no blue P4. By this coloring, we obtain F  (5K2, P4).
Subcase 2.2. If F∗ contains 3 components with the combination of the number of edges in each component is (9, 1, 1),
(8, 2, 1), (7, 2, 2), (7, 3, 1), (6, 3, 2), (6, 4, 1), or (5, 5, 1). If the components that contain at most 2 edges are colored
with blue, then there exists a (4K2, P4)− coloring for F∗ on the ﬁrst combination, a (3K2, P4)− coloring for F∗ on
second and third combinations. For combinations (7, 3, 1), (6, 3, 2), and (6, 4, 1), there are (3K2, P4)− coloring and
(2K2, P4)− coloring in the ﬁrst and second largest components. These are guaranteed by Theorem 3, 4, and 5. As a
consequence, by coloring all edges incident to v with red, then we obtain F  (5K2, P4). For the case (5, 5, 1), let H
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be a component with 5 edges. Color all edges incident to x ∈ N(v) ∩ V(H) by red. The remaining edges are colored
by blue, except one edge in the component with 5 edges by red so that there is no blue P4. By this coloring, we obtain
F  (5K2, P4).
Fig. 6. Two coloring red and blue in F so that F  (5K2, P4).
Subcase 2.3. If F∗ contains two components with the possible combinations are (10, 1), (9, 2), (8, 3), (7, 4), or (6, 5).
Similarly, if the component that contains at most 2 edges is colored with blue, then there exists a (4K2, P4)− coloring
for the ﬁrst and second combinations. For combinations (8, 3), or (7, 4), there are (3K2, P4)− coloring and (2K2, P4)−
coloring in each components. (guaranteed by Theorem 3, 4, and 5) As a consequence, if we color all edges incident
to v with red, then we obtain F  (5K2, P4). Next, for the case (6, 5), let H be a component with 6 edges and G be
a component 5 edges. By Theorem 4, there exists a (3K2, P4)− coloring of H. If G contains a vertex x with d(x) ≥ 3,
then color all edges incident to x by red and the other edges by blue. By this coloring, we obtain only one red K2 and
no blue P4 of G. So, by coloring all edges incident to v by red there is a (5K2, P4)− coloring of F. Hence, we obtain
F  (5K2, P4). Now, suppose Δ(G) = 2. If G is a path, then it is easy to ﬁnd a 2-coloring red and blue so that neither
a red 2K2 nor a blue P4 on G. Thus, by coloring all edges incident to v with red, we will have a (5K2, P4)− coloring
of F. So, F  (5K2, P4). If G is a 5-cycle, then we can color all edges incident to v with red and blue so that they do
not add a red K2 and do not form a blue P4 in G and H, as shown in Figure 6. Hence, we have F  (5K2, P4).
In all cases, we obtain F  (5K2, P4). Thus, the proof is complete.
Finally, we propose the following conjecture.
Conjecture 7. For n ≥ 6, rˆc(nK2, P4) =
{
3n − 1 , n is even,
3n , n is odd.
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